The usage frequencies for codons belonging to quartets are analized, over the whole exonic region, for 92 biological species. Correlation is put into evidence, between the usage frequencies of synonymous codons with third nucleotide A and C and between the usage frequencies of non synonymous codons, belonging to suitable subsets of the quartets, with the same third nucleotide. A correlation is pointed out between amino acids belonging to subsets of the set encoded by quartets of codons. It is remarked that the computed Shannon entropy for quartets is weakly dependent on the biological species. The observed correlations well fit in the mathematical scheme of the crystal basis model of the genetic code.
1 Introduction the ρ test of control. In Sec.3 we compare the theoretically predicted behaviour of the Shannon entropy for different biological species with the same compositional percentage of the same a.a. with the values computed on the basis of the observed c.u.f.. In Sec. 4 we look for correlation between different amino acids. In Sec 5 we summarise and discuss the results.
Analysis of the codon usage frequencies
We define the usage probability or usage frequency for the codon XZN (N ∈ {A, C, G, U }, XZ ∈ {CC, U C, GC, AC, CU, GU, CG.GG}) as
where n XZN is the number of times the codons XZN has been used in the biosynthesis process of the corresponding amino-acid and n XZ is the total number of codons used to synthetise this amino-acid
Note that we consider eight quartets, as we consider also the quartet sub-part of the three sextets, i.e. the set of the four codons which differ only for the third nucleotide. In the following, to simplify the notation, we denote, for any fixed dinucleotide XZ, the probability P N ≡ P (XZN ), normalised N =A,C,G,U
As we compute the probabilities from observed frequencies, it follows that our analysis and predictions is restricted for biological species with enough large statistics of codons. In the following Subsections we compute the codon usage frequencies for the eight quartets, for biological species belonging to the vertebrates, plants, invertebrates and mitochondria. Our specimen is formed by species with a codon statistics [Nakamura et al., 1998 ] larger than 100,000 codons, for vertebrates, plants and invertebrates, and larger than 30,000 codons for mitochondria, see Tables 27, 28, 29, 30 (release 149.0 of 2005) .
For every specimen, we define the average probability (n being the number of biological species in the specimen):
For completeness, we define in Appendix 6.2 the statistical quantities used in the following. In order to test the hypotheses concerning the correlation coefficient ρ, we make use of the t distribution [Bryant, 1960] 
Like any statistical quantity computed from data the correlation coefficient r differ from its "true value" ρ. The t test can only be used to reject the hypothesis ρ = 0, i.e. no correlation. For any specimen, we compute the critical value t c such that:
-for t(r) ∈ [t c ; −t c ] the probability that ρ = 0 (uncorrelated variablel) is 95 % -for t(r) > t c or t(r) < −t c the probability that ρ = 0 is 5 %. In order to test the hypothesis of the existence of a sum rule, we compute the standard deviation σ(P N + P N ) ≡ σ (N +N ) and we compare the computed value with the "theoretical" value for two independent normally distributed variables N and N , that is We expect the value of the standard deviation of the sum of P N + P (N ) to be smaller than the sum of the two corresponding standard deviation, as, due to the normalization condition eq.(3), the variables are not independent σ 2 (P N +N ) < σ 2 (P N ) + σ 2 (P N ) (P N +N ≡ P N + P N )
However we expect, in absence of any further specific correlation, the reduction to be approximately equal for any couple P N and P N extracted in the set of the four probabilities {P A ≡ P (XZA), P C ≡ P (XZC), P G ≡ P (XZG), P U ≡ P (XZU )} while we discover a reduction of the standard deviation for the sum P A + P C and P U + P G larger than for the other couples of probabilities.
In Table 2 and in Table 3 we report the mean value and the standard deviation of the usage probabilities of the codon XZN computed ovel all the biological species given in Tables 27, 28 and 29. It can be remarked that the probability shows a rather large spread which is reduced when one makes the sum. In Tables 4, 5, 6 and 7 we report, for any a.a., and for any specimen, the ratio of the measured σ 2 over the theoretical σ 2 th , defined in eq.(6), for the sum of the probabilities specified in the first column. In the last column the value of the ratio averaged over all a.a.is reported.
It can be remarked that this probability shows a rather large spread which is surprisingly reduced when one makes the sum (compare Tables 4 and 23 
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Correlation evaluation
We evaluate the symmetric correlation matrix defined by eq.(25) (XZ = CC, U C, CG, AC, CU, GU, GC, GG)
where, e.g. if XZ = CC r U C ≡ (P (CCU ), P (CCC)) ≡ ((P 1 (CCU )....P n (CCU )); (P 1 (CCC)....P n (CCC))) and P i (CCN ) is the observed frequency for the codon CCN in the i − th species of the specimen. Considering the 8 quartets we compute a set of 48 numerical coefficients from which we can extract information about a possible pattern of regularity. It may be useful to recall the following 
Vertebrates
In Table 8 we report the value of the correlation matrix for the six independent couples of probabilities. Table 8 : Specimen of vertebrates: value of the correlation coefficient for the 6 independent couples of probabalities for the 8 quartets. In the last row the value of the coefficient averaged over the 8 a.a..
From Table 8 we remark a clear anti-correlation, for all a.a., between P A and P C . A comparable degree of anti-correlation appears for the complementary couple P U − P G for the a.a. Val, Leu, Arg and Gly. Let us also remark that an anti-correlation in the couples P U − P C and P A − P G , naively expected as the concerned nucleotides belong to the same family (respectively, pyrimidine and purine), is present, but not in all the a.a..
TEST
From eq. (5), we get the critical value of the statistical label t at the 95% confidence level
• for t(r) ∈ [2, 06; −2, 06] the probability that ρ = 0 (uncorrelated variables) is 95%
• for t(r) > t c = 2, 06 or t r < −t c = −2, 06 the probability that che ρ = 0 is 5%.
In Tables 9 and 10 we report, respectively, the computed value of the t label for any a.a. and the interval where the values of the correlation coefficient r are included in, at 95 % confidence level. -13,1 -9,6 -5,5 -5,3 5,9 3,3 < t > a.a. -9,98 -8,16 -6,73 -4,73 6,11 2,39 Table 9: Specimen of vertebrates: value of the statistical label t for the 6 correlation coefficients for the 8 a.a.. In the last row the average value of t.
VRT -0,77 -0,95 -0,41 -0,85 -0,51 -0,88 -0,21 -0,77 0,53 0,89 -0,19 0,55 T -0,83 -0,96 -0,45 -0,86 -0,77 -0,95 -0,4 -0,84 0,81 0,96 0,02 0,68 A -0,75 -0,95 -0,18 -0,76 -0,77 -0,95 -0,28 -0,80 0,53 0,89 -0,1 0,62 S -0,83 -0,96 -0,55 -0,89 -0,73 -0,94 -0,28 -0,80 0,51 0,88 0,15 0,75 V -0,67 -0,93 -0,85 -0,97 -0,41 -0,85 -0,49 -0,88 0,40 0,84 0,18 0,76 L -0,65 -0,92 -0,85 -0,97 -0,73 -0,94 -0,81 -0,96 0,73 0,94 0,41 0,85 R -0,79 -0,95 -0,85 -0,97 0,00 -0,68 0,13 -0,60 0,03 0,69 -0,29 0,48 G -0,87 -0,97 -0,77 -0,95 -0,51 -0,88 -0,49 -0,88 0,55 0,89 0,22 0,78 Table 9 we remark that the values of the modulus of the statistical label t computed over the specimen of vertebrates is, in the average, more far, as expected, from the critical value t c = 2, 06 for the correlation r CA and r U G than for r U C and r AG . From Table 10 , one correlation factor can be vanishing (95% confidence level) for the couples (U,C), (A,G), i.e. Arg, and, at least, three for the couple (C,G), i.e. Arg, Pro, and Ala.
Plants
In Table 11 we report the value of the correlation matrix for the six independent couples of probabilities. In Table 5 we report the mean value and the standard deviation of the usage probability of the codons XZN (XZ = N C, CU, GU, CG, GG) computed over all biological species given in Table 29 . It can be remarked that this probability shows a rather large spread which is surprisingly reduced when one makes the sum (compare Tables 5 and 23) . Table 11 : Specimen of plants: value of the correlation coefficient for the 6 independent couples of probabilities for the 8 quartets. In the last row the value of the coefficient averaged over the 8 a.a..
From Table 11 we remark a clear anti-correlation, for all a.a., between P A and P C and between P U and P G for the a.a. Pro, Thr, Ala, and Ser, while P U − P C and P A − P G are weakly anti-correlated.
We remark the foliowing correlation pattern:
that is for almost all the quartets the highest value of the correlation coefficient is always between P C and P A or P U and P G (P, T, A, S, G, R and, respectively, L) except for V, for which the highest value is r U C , close to the value of r U G and r CA . The lowest value for the correlation coefficient is between P C and P G or between P U and P A (P T A S R G, resp. V and L).
Averaging over the 8 a.a. one gets:
Figure 3: Specimen of plants: absolute value of the six highest correlation coefficient averaged over 8 a.a.. correlation coefficient between codon frequency usage for quartets ending in (C,A),(U,G), (U,C) and (A,G). We do not report the correlations for quartets ending in (U,A) and (C,G), which are in general very low.
Test ρ = 0 for plants (n = 38)
From eq. (5), we get that the critical value of the statistical label t (95% confidence level) is
• for t r ∈ [2, 02; −2, 02] the probability that ρ = 0 (uncorrelated variables) is 95%. 
-13,4 -8,2 -3,9 -4,6 2,7 3,3
-16,6 -10,6 -7,6 -4,3 6,7 3,3 t[A]
-16,8 -14,6 -6,2 -4,2 4,9 3,9 t[S]
-10,7 -10,1 -6,8 -7,6 6,1 4,1
-6,2 -9,8 -4,1 -3,6 3,9 1,1
-8,9 -3,3 -6,5 -0,9 2,3 0,4 < t > a.a. 10,6 8,5 5,9 4,2 4,2 2,5 Table 12 : Specimen of plants: value of the statistical label t for the 6 correlation coefficients for the 8 a.a.. In the last row the average value of t. PLN. • for t r > 2, 02 or t r < −2, 02 the probability that ρ = 0 is 5%
In Tables 12 and 13 we report, respectively, the computed value of the t label for any a.a. and the interval where the values of the correlation coefficient r are included in, at 95 % confidence level. From Table 12 we remark that the values of the modulus of the statistical label t computed over the specimen of plants is, in the average, more far from the critical value t c = 2, 02 for the correlation r CA and r U G than for r U C and r AG . From Table 13 , one correlation factor can be vanishing (95% confidence level) for the couple (A,G), i.e. Gly, two for the couple (U,A), i.e. Gly and Arg and three for the couple (C,G), i.e. Gly, Val and Leu.
Invertebrates
In Table 14 we report the value of the correlation matrix for the six independent couples of probabilities. In Table 6 we report the mean value and the standard deviation of the probability of usage of the codons XZN (XZ = N C, CU, GU, CG, GG) computed over all biological species given in Table 28 . It can be remarked that this probability shows a rather large spread which is surprisingly reduced when one makes the sum (compare Tables 6 and 32 ). From Table 14 we remark anyway an anti-correlation between P A and P C and P U and P G . for the a.a. Thr, Ala, Ser and Val. Moreover, while for the specimens of vertebrates and plants the correlation matrix shows a pattern of correlation or of anti-correlation, for invertebrates the coefficient r U A shows predomintantly a correlation for almost all the a.a, but a weak anti-correlation for Arg and Gly.
Si osserva il seguente " pattern" di correlazione Table 14 : Specimen of invertebrates: value of the correlation coefficient for the 6 independent couples of probabalities for the i 8 quartets. In the last row the value of the coefficient averaged over the 8 a.a..
that is for almost all the quartets the highest value of the correlation coefficient is always between P C and P A or P U and P G (P, T, A, S, G, R, respectively L and R). The lowest value for the correlation coefficient is betweenP C and P G or between P U and P A (P T A S R G, resp. V,L).
Test ρ = 0 for INVERTEBRATES n=28
• for t r ∈ [2, 05; −2, 05] the probability that ρ = 0 (uncorrelated variables) is 95%.
• for t r > 2, 05 or t r < −2, 05 the probability that ρ = 0 is 5%
In Tables 15 and 13 we report, respectively, the computed value of the t label for any a.a. and the interval where the values of the correlation coefficient r are included in, at 95 % confidence level. : Specimen of invertebrates: absolute value of the six highest correlation coefficient averaged over 8 a.a.. correlation coefficient between codon frequency usage for quartets ending in (C,A),(U,G), (U,C) and (A,G). We do not report the correlations for quartets ending in (U,A) and (C,G), which are in general very low. -3,4 -6,0 -6,0 -1,4 0,0 3,2 t[G]
-5,5 -2,8 -3,6 -0,7 -0,1 0,4 < t > a.a. -6,34 -7,46 -4,55 -4,71 2,45 3,04 Table 15 : Specimen of invertebrates: value of the statistical label t for the 6 correlation coefficients for the 8 a.a.. In the last row the average value of t. From Table 15 we remark, also in this case, that the value of the modulus of the statistical label 
Mitochondrial code
In Table 17 we report the correlations coefficient for the 6 independent couples of probabilities for the 8 quartets for the specimen of mitochondria of vertebrates, see Table 30 . Table 17 : Mitochondria vertebrates:value of the correlation coefficient for the 6 independent couples of probabalities for the 8 quartets. In the last row the value of the coefficient averaged over the 8 a.a..
We remark that
• only the coefficient r CA for Pro, The, Ala and Ser has a relatively high value (r ∼ 0, 8), but the coefficient r U G for the complementary couple does not show this property. The other values do indicate the absence of correlation.
• the c.u.f. for mitochondria is more asymmetric that for eukaryotes. It seems the codons XY A and XY C are most used while the remaining codons, in particular XY C, are very poorly used.
In Fig.(9) one can remark that the codon frequency distribution on the 4 codons is more asymmetric than in the analogous figures for eukaryotic species The mitochondrial genetic information seems to be preferably encoded by codons XZA and XZC, the two remaining codons, in particular XZG, are for the most part little used or resolutely suppressed. In particular in Fig.(9) we remark,in correspondence of the quartets P,T,A,S (r CA ∼ 0, 8), P (XZG) ∼ 0, 05 and P (XZU ) ∼ 0, 15, soP A+C ≈ 1 − 0, 20 = 0, 80, as it is obtained by averaging over the 20 species.
Test ρ = 0 for Mitochondres n=20
• for t r ∈ [2, 1; −2, 1] the probability that ρ = 0 (uncorrelated variables) is 95%.
• for t r > 2, 1 or t r < −2, 1 the probability that ρ = 0 is 5%
In the Table 18 we report the computed value of the t label for any a.a. and we indicate in bold the values of the correlation coefficients for whch it is plausible to take the value ρ = 0 (uncorrelated at 95% confidence level). Let us remark that the |t| diagram for the mitochondrial specimen shows that most of the value of |t| are below the critical value t c = 2, 1. 
Correlation between amino-acids
In [Frappat et al., 1999] , [Chiusano et al., 2001] it was remarked that the values of the ratio
were independent on the considered biological species and, for any biological species, were very close each other for XY, X Y ∈ {CU, GU } or XY, X Y ∈ {CC, U C, GC, AC}, i.e. for the quartets encoding, respectively, Leu, Val and Pro, Ser, Ala, Thr. This feature suggests the possible existence of a correlation between P XY N and P X Y N for XY, X Y belonging to one of the two above specified sets. In order to search for correlation we computed the 28 × 28 correlation matrix r XY N,X Y N ≡ r P XY N ,P X Y N for the 8-dinucleotides corresponding to quartets. We do not report here the whole matrix, but the following interesting correlation pattern comes out Table 19 : Correlation between probabilities for codons in quartets encoding different amino acids computed over the whole eukariotes specimen n = 92.
We should say that, in the 406 independent entries 2 of the correlation matrix for the 8 quartets, several values larger than, let us say, 0.75 do appear, but only for the a.a. listed in Table 19 all the entries are, with exception of r CU G,GU G , which further is the only negative values, equal or larger than 0.75. In order to get an evaluation of the effects of the statistics of the number of codons, as well as to increase the statistics of the analysed specimen, we have computed this correlation matrix over a specimen of n = 218 biological species with a codons statistics larger than 30.000 codons. For the 6 a.a. Ala, Pro, Ser, Thr, Val and Leu, we extract the following correlation pattern reported in Table 20 From a comparison of Table 19 and of Table 20 we see that the general pattern is unchanged, even if the values of the correlation coefficients are lower. Looking at these Tables it shows out that the set of eight quartes splits into three subsets Table 20 : Correlation between probabilities for codons in quartets encoding different amino acids computed over a specimen of n = 218 species with a codons statistics ≥ 30.000.
• a set of 2 a.a. (Arg, Gly) (not reported in Table) with generally uncorrelated c.u.f.
This pattern fits well in the crystal basis model of the genetic code. Indeed in the model the codons belonging to the quartets encoding Pro, Ser, Ala, Thr are identified by elements of the same mathematical space; the same happens for the quartets encoding Leu, Va, while the remaining two quartes, encoding for Arg an Gly, do not share this feature.
Pattern of the Shannon entropy
The Shannon entropy, defined by
is largely used in biology, mainly to compute the distance between the observed frequencies f i of some quantity and the theoretically predicted ones. In [Frappat et al., 2005] it has been argued that the contribution of each quartet, in the total exonic region, to the Shannon entropy, defined as:
should be independent on the biological species. Pay attention to not confuse the previous defined probability P (XY N ) ≡ P N with the probability p XY N with the normalization condition
A consequence of this statement is that biological species with the same percentage, in the total exonic decoded region, of a given a.a. should have the same Shannon entropy, computed by eq.(9). As we are dealing with a.a. encoded by quartets, the a.a. can be also identified by the first two nucleotides XY , so we should have
where p XY N and p XY N are the codon usage frequencies for the quartet encoding the a.a. specified by the dinucledotide XY for two different biological species with the condition
p XY N ≡ percentage of thw a.a. XY in the exonic decoded region (13) In Table 21 and Table 22 we report, respectively, for a set of two and three different biological species, belonging to the considered specimen, which have approximately the same percentage of a given a.a. the computed Shannon entropy. The data confirm largely the independence of the value of the entropy from the values of p XY N peculiar of the considered b.sp.. However care must be used in concluding that the calculated Shannon entropy values satisfy eq.(13). Indeed one has to take into account that the values of p XY N are quite small (for the quartets 5 · 10 −2 > p XY N > 2 · 10 −3 ). So it is natural to wonder if one is really observing a property of the entropy or an artefact due to the smallness of the frequencies. In order to shed light on the question, we have made some simulations which confirm the validity of eq.(13). If one consider, e.g., the case of Thr, which appears in the coding region of Xenopus Laevis, Plasmodium vivax and Plasmodium patents, respectively, with percentage value 5,270 %,, 5,267 % and 5,279 %, see Table 22 , changing of approximately 10 % the observed c.u.f., the value of the Shannon entropy is modified in the second decimal digit. In the average a change of the c.u.f. of the order of a standard deviation does not affect the third decimal digit. These considerations do not completely solve the above raised question, but give a cue the equality of the values of the Shannon entropy in Tables 21 and 22 to be an indication of this (unexpected) feature.
From the statement of eq.(12) it follows that the knowledge of the c.u.f., typical of a fixed biological species, does not provide further information on the Shannon entropy of the a.a., i.e. the knowledge of the four quantities p XY N , constrained by the condition eq.(13) gives the same amount of information of the knowledge of only one quantity {XY }(≡ percentage of the a.a. XY). This is understandable, on general grounds, if the four p XY N are constrained by two further constraints, which may be the correlations, respectively, between p XY C and p XY A and between p XY G and p XY U . That being the case the knowledge of the four p XY N in fact reduces to the knowledge of only one independent quantity equivalent to the knowledge of {XY }. So the computation of the Shannon entropy provides a further support to the existence of the correlations. In the first column it is indicated the a.a.. In the second, third, fourth column the number identifies the species, respectively, for vertebrates (V), plants (P) and invertebrates (I). In the next three columns and, respectively, in the last three the percentage of the a.a. and the computed Shamnon entropy, for the indicated biological species, columns.
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Conclusions
We can summarize the results as it follows
• Eucaryotes: for all a.a., the variance reduction for the probabilities P U +G and P C+A is larger than the reduction for the values of P U +C , P A+G , P C+G and P U +G while the value of the ratio σ 2 mis /σ 2 th is close to one for P C+G and P U +G , see In more detail:
1. Vertebrates: from Table 4 the ratio σ 2 /σ 2 th is smaller for C + A than for U + G for all a.a., except Arg (R), Leu (L) and Val (V) for which the contrary is true. In the average, for the 8 a.a. encoded by quartets we find: Table 6 the ratio σ 2 /σ 2 th is smaller for U + G than for C + A for all a.a except Ser (S), Pro (P) and Ala (A) or which the contrary is true. In the average, for the 8 a.a. encoded by quartets we find:
(a) For P C+A and P U +G σ Table 5 the ratio σ 2 /σ 2 th is smaller for C + A than for U + G for all a.a except Leu (L) and Val (V) for which the contrary is true. In the average, for the 8 a.a. encoded by quartets we find:
(a) For P C+A and P U +G .σ In conclusion a pattern comes out in which, for the three considered specimens the variance reduction for the couples A, C and U, G is larger than for the other couples, as it can be inferred by Tables 2 and 3 where the average values of P C , P A , P C+A . and, respectively, of P G , P U and P G+U are reported .
• Mitochondria
The variance reduction seems appeciable only for the couple C + A for which, in the average, σ 2 /σ 2 th ∼ 0, 3, while for the remaining couples σ 2 /σ 2 th ≥ 0, 6.
So no clear cue for the existence of correlation in c.u.f. for Mitochondria comes out from the previous analysis.
In [Frappat et al., 2003 ] a theoretical correlation matrix has been derived from the sum rule for the sum the probabilities of the synonimous codons in quartes with last nucleotide C and A., which we compare, in Table 24 with the computed one for the three eukaryotic specimen. The theoretical value are indicated in round brackets in the first column, x is a not a priori computable entry.
0.41 0.37 0.47 Table 24 : Observed averaged value for the correlation matrix, in bracket the theoretical value. Table 24 shows that the computed values of < r N N > differ from the theoretical ones by a quantity of the value of 10-15 %, excepr for < r CG > and, for the specimen of invertebrates, for < r U A >. For < r CG > the anomalous behaviour may be understood from the known suppression of the dinucleotide CG, see for possible explanation of the suppressione [Knight et al., 2001] , [Klump and Maeder, 1991] . In conclusion one remarks that there is a strong indication for the existence of correlation between P C and P A (respectivelyP G and P U ), which further is unexpectedly high for the specimen of plants. Indeed while one can argue that vertebrates are "similar" species in the phylogenetic tree, plants are an extremely large domain of species. The correlation is less evident for invertebrates, but one should keep in mind that this is not even a domain in the life world, May be one should look for correlations in suitable subsets of invertebrates. It comes out that the ratio of σ P C+A over < P C+A > is in the range of 0,02-0,05 for vertebrates, 0,11-0,26 fo plants, 0,09-0,20 for invertebrates. These last two results rise serious question on the validity of the sum rule, still in presence of a clear indication of correlation.
There are several directions which seem worthwhile to be investigated:
• further statistical analysis with better statistics and further tests of the reliability of the presence of the correlations
• the main reasons for the codon usage bias are believed to be: the mutational bias, the translation efficiency, the selection mechanism and the abundance of specific anticodons in the tRNA. The universal presence of correlations suggests that its origin may lie in some very general mechanisms, possibly related to the structure of the genetic code. It seems worthwhile to search for mutation-selection models able to explain the pattern of the correlation. Work is in progess in this direction.
• further statistical analysis of the behaviour of the Shannon entropy to further test the validity of eq.(12).
Let us emphasize our claim: we have remarked that the sum of the usage probabilities of two suitably choosen codons is, within a few percent, a constant independent on the biological species for vertebrates, which well fits in the framework of the crystal basis model. Of course one can restate the above results stating the sum of the probability of codon usage XZC + XZA is not depending on the nature of the biological specie, without any reference to crystal basis model. However a deeper analysis of Table 31 shows that P C+A for Pro, Thr, Ala, Ser and Gly is of the order of 0.62, for Leu and Val of the order 0.35 while for Arg is of order 0.52. In the crystal basis model the roots, i.e. the dinucleotide formed by the first two nucleotides of the first 5 amino acids belong to the same irrep.
(1,1), the roots of Leu and Val belong to the irrep. (0,1), while the root of Arg belongs to the irrep.
(1,0). This is an interesting result, especially for Pro whose molecule has a different structure than the others amino acids (Pro has an imino group instead of an amino group).
It is natural to wonder what happens for other biological species. The green plants exhibits roughly the same pattern, but probably a more reliable analysis has to be performed considering a splitting into families. For invertebrates, the large number of existing biological species and the lack of data with sufficient diversity prevents from applying a similar analysis. The case of bacteriae is rather interesting. Eubacteriae seem to avoid this pattern of correlations. This may be the influence of selection effects which may be stronger or effective in shorter times in less complicated species. For bacteriae the G+C content varies in a wide range from 25 % to 75 %. Hence one can argue that biological species with large difference in the G+C content exhibit large difference in the correlation pattern discussed in this paper. However, using the Genbank data, one finds for eubacteriae no correlation between the G+C content and the value of the probabilities eq.(23).
Appendix
The crystal basis model of the genetic code
For completeness let us briefly recall the main features of the crystal basis model of the genetic code. Each codon XZN is described by a state belonging to an irreducible representation (irrep.), denoted (J H , J V ) ξ , of the algebra U q sl(2) H ⊕ sl(2) V in the limit q → 0 (so-called crystal basis); J H , J V take (half-)integer values and the upper label ξ removes the degeneracy when the same couple of values of J H , J V appears several times. As can be seen in Table 26 there are for example four representations (
ξ , with ξ = 1, 2, 3, 4. Within a given representation (J H , J V ) ξ two more quantum numbers J H,3 , J V,3 are necessary to specify a particular state. see Table 26 , which is reported here to make the paper self-consistent.
in the model, it appears natural to write the codonusage probability as a function of the biological species (b.s.), of the particular amino-acid and of the labels J H , J V , J H,3 , J V,3 describing the state XZN . Assuming the dependence of the amino-acid completely determined by the set of labels J s, we write
With the further hypothesis that the r.h.s. of eq. (14) can be written as the sum of two contributions: a universal function ρ independent on the biological species and a b.s. depending function f bs , in [Frappat et al., 2005] the following equation has been written
Previous analysis, see [Chiusano et al., 2001] , suggests the contribution of f bs is not negligible but smaller than the one due to ρ. So the following form form was assumed
In the framework of the model and of the above assumptions, the codon usage frequencies for the quartets Ala, Gly, Pro, Thr and Val and for the quartet sub-part of the sextets Arg (i.e. the codons of the form CGN), Leu (i.e. CUN) and Ser (i.e. UCN). was analysed. For Thr, Pro, Ala and Ser one writes using Table 26 and eqs. (14)- (16), with N = A, C, G, U ,
where ρ N C C+A denotes the sum of the contribution of the universal function (i.e. not depending on the biological species) ρ relative to N CC and N CA, while the labels x, y, x , y depend on the nature of the first two nucleotides N C, see Table 26 in [Frappat et al., 2005] . Using the results of Table  26 , One remarks that the difference between eq. (17) and eq. (18) is a quantity independent of the biological species,
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In the same way, considering the cases of Leu, Val, Arg and Gly, we obtain with W = C, G
Since the probabilities for one quadruplet are normalised to one, from eqs. (18)- (22) we deduce that for all the eight amino acids the sum of probabilities of codon usage for codons with last A and C (or U and G) nucleotide is independent of the biological species, i.e.
Now let us make two important remarks. -If we write for ρ(J H , J V , J H,3 , J V,3 ), or equivalently ρ N C C+A , an expression of the type (16), i.e. separating the H from the V dependence, it follows that the r.h.s. of eqs. (17) and (18) are equal, and consequently the probabilities P (N CC) + P (N CA) and P (N CU ) + P (N CG) should be equal, which is not experimentally verified. This means that the coupling term between the H and the V is not negligible for the ρ(J H , J V , J H,3 , J V,3 ) function.
-Summing equations (17) and (18) 
Statistical analysis
In the following we recall, for completeness, the definition of the statistical quantities used in the text:
• the standard deviation
where P N is defined in eq. (4) • the adimensional correlation coefficient r XY
where < X > (< Y >) is the average value of the variable and σ X (σ Y ) the corresponding standard deviation.
For two independent normally distributed variables X and Y we have
If X ≡ P N and Y ≡ P N we expect the value of the standard deviation of the sum of X + Y to be smaller than the sum of the two corresponding standard deviation, due to the normalization condition
However we expect the reduction to be approximately equal for any couple P N and P N extracted in the set of the four probabilities {P (A),P (C),P (G),P (U )}, while we remark that a reduction of the standard deviation for the sum P A +P C and P U +P G larger than for the other couples of probabilities. We can summarize the results as it follows (σ 2 Table 25 : Correlation matrix for the codon probability from the sum rules (XZ = AC, CC, GC, UC, CU, GU, CG, GG). Figure 12 : Graphic of the codon usage frequency P U versus P G for species belonging to the mitochondrial specimen.
From top to bottom Thr, Pro, Ala and Ser CC Table 31 : Sum of usage probability of codons P C+A (XN ) ≡ P (XN C) + P (XN A). The number in the first column denotes the biological species of Table 27 . The amino acid are labelled by the standard letter. Morevover P C+A (S) = P (U CA) + P (AGC).
P (CCU ) P (CCC) P (CCA) P (CCG) P (ACU ) P (ACC) P (ACA) P (ACG) 10.0 % 12.8 % 13.3 % 22.3 % 13.1 % 13.0 % 13.0 % 21.4 % P (GCU ) P (GCC) P (GCA) P (GCG) P (U CU ) P (U CC) P (U CA) P (U CG) .3 % 12.0 % 20.2 % P (GU U ) P (GU C) P (GU A) P (GU G) P (CU U ) P (CU C) P (CU A) P (CU G) 20.9 % 9.1 % 25.8 % 9.5 % 22.6 % 7.2 % 20.6 % 6.7 % P (CGU ) P (CGC) P (CGA) P (CGG) P (GGU ) P (GGC) P (GGA) P (GGG) Table 32 : Mean value, standard deviation and their ratio for the probabilities P (XZN ) corresponding to the eight amino-acids related to quartets or sextets for the choice of biological species of Table 27 . 3.4 % 4.4 % 3.8 % 2.6 % 5.6 % 3.7 % 3.8 % 2.5 % P C+U (P ) P C+U (A) P C+U (T ) P C+U (S) P C+U (V ) P C+U (L) P C+U (R) P C+U (G) 4.9 % 4.2 % 4.4 % 3.8 % 7.2 % 5.4 % 9.7 % 4.8 % P C+G (P ) P C+G (A) P C+G (T ) P C+G (S) P C+G (V ) P C+G (L) P C+G (R) P C+G (G) Table 33 : Mean value, standard deviation and their ratio for the sums of probabilities P C+A , P C+U , P C+G corresponding to the eight amino-acids related to quartets or sextets for the choice of biological species of Table 27 . The amino acid are labelled by the standard letter.
